Abstract. We show how two change-of-variables formulae for Lebesgue-Stieltjes integrals generalize when all continuity hypotheses on the integrators are dropped. We find that a sort of "mass splitting phenomenon" arises.
If N is continuous and W is any generalized inverse 4 for the increasing function M , then it is not hard to show that λ is the image of ν under W or equivalently, In the special case where N (y) ≡ y, this goes back to Lebesgue [9] .
If instead M is continuous, then it is not hard to show that ν is the image of λ under This is standard. 6 In the special case where N (y) ≡ y, this is attributed in [4] (Vol. I, Example 3.6.2) to Kolmogorov.
Our aim in this paper is to explain how (1) and (2) generalize when no continuity assumptions are imposed on M and N . As we shall see, a key role is played by the left and right jumps of N at the points of the set
contains more than one point}.
We have chosen the letter H for this set because it is the set of all levels at which the graph of M has a horizontal portion. Note that (M . This concept, with or without this name, is well-established in the literature. For further information, see [6] . 5 This equivalence is a standard result about images of measures under measurable mappings.
See for instance [5] , Theorem 1.6.9. It is stated there for probability measures but that restriction is inessential. 6 See for example [11] , Chapter 1, §4, Proposition (4.10). Attention is restricted there to the case where N is right-continuous but this is not essential. In fact, if M and g are continuous, then (2) is obvious by considering Riemann-Stieltjes sums, for then each upper RiemannStieltjes sum for 
We would like to mention that change-of-variables formulae for certain other types of integrals are given in [8] and [10] . 
Proof
. Now consider the case where there exists
. This holds for each x in G. Let P be the set of all intervals of the form [a, x] with x ∈ G. Then P is a π-system on [a, b] and since G is dense in [a, b], P generates the Borel σ-field on [a, b]. As we've just seen, P is contained in the set L of all Borel sets 
When no continuity condition is imposed on N , then λ need not be the image of ν under any point mapping. Instead, for each y in H, the mass that ν assigns to {y} is split in λ between the singletons {X(y)} and {Ξ(y)}. This was alluded to above in our abstract and is explained in detail in our main result: be the left and right jumps of N at y respectively. Then for each bounded Borel function f : [a, b] → R, we have
Furthermore, X may be replaced by Ξ in the first term on the right in (5).
Proof. 
